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Last time we did some computations in Xg[C0 × S1
R]. We constructed certain functions

FLP,R(ζ) on the Hitchin system / Coulomb branch M coming from expectation values of an
associated line defect LP,R(ζ) in the 4d theory (coming from a surface operator in the 6d
theory). We wrote these complicated functions as sums

FLP,R(ζ) =
∑
γ∈Γu

I(P,R, ζ, u, γ)χγ(ζ). (1)

of functions coming from the abelian theory. Here Γu = H1(Σu,Z) and Zγ were the
periods of the spectral curves Γu. These functions satisfied various properties, including
various asymptotics and behavior when crossing walls.

When the radius R of S1 is large enough, we can actually find these functions χγ(ζ) by
solving certain integral equations

χγ(ζ) = χsfγ (ζ) exp

(
1

4πi

∑
µ

〈γ, µ〉Ω(µ)

∫
`µ

dζ ′

ζ ′
ζ ′ + ζ

ζ ′ − ζ
log(1− χµ(ζ ′))

)
(2)

which are cooked up to satisfy the various properties above. This looks exactly like the
thermodynamic Bethe ansatz in 2d.

Q: no asymptotic corrections in terms of R?
A: the condition on R is what allows us to find a solution. If R is too small it’s not

obvious that we can solve this equation.

The hyperkähler structure can now be explicitly given as the holomorphic symplectic
form

ω(ζ) = 〈d logχ, d logχ〉 =
dχi
χi
∧ dχj
χj

εij. (3)

For fixed ζ these functions χγ(ζ) are piecewise holomorphic functions on M with holo-
morphic structure Jζ . There is wall-crossing behavior governed by Kontsevich-Soibelman.
In nice cases, e.g. if C has punctures to which we’ve associated semisimple orbits, there
are open wall-free domains in B, and the χγ(ζ) are cluster coordinates on these (due to
Fock-Goncharov). In general we get other coordinates which seem almost as good.

Example For g = A1 and C a surface with no punctures, we expect to recover the coordinate
system studied by Bonahon on Teichmüller space.

Another point of view on the χγ(ζ): given (u, ζ) we’ll draw a geometric gadget which
we’ll call a spectral network W (u, ζ) on C (not on the Hitchin base). There are some
distinguished points which are the branch points of the spectral curve Σu → C where two
eigenvalues λi, λj collide. Each branch point emits three trajectories characterized by the

condition that
∫

(λi−λj)
ζ

∈ R+. When two trajectories ij and jk cross, we’ll emit an additional
trajectory ik, etc.
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Now given a flat SLK-connection ∇(ζ) on C, we’ll look for a compatible flat GL1-
connection ∇ab(ζ) on Σu. Compatibility will mean that we want an isomorphism

ι : ∇(ζ)→ π∗∇ab(ζ) (4)

away from W (u, ζ), where π : Σu → C, and we want a gauge transformation across
W (u, ζ) labeled by a unipotent matrix with nonzero ij entry and all other non-diagonal
entries zero. In good cases, and hopefully in all cases, this uniquely determines ∇ab(ζ) up
to isomorphism given ∇(ζ). We can now define

χγ(ζ) = holγ(∇ab(ζ)). (5)

So the jumping behavior of χγ(ζ) corresponds precisely to jumping at W (u, ζ).
What does this all have to do with physics, and why are these pictures so similar to the

pictures we drew earlier on the Hitchin base? First, combine all of the W (u, ζ) ⊂ C to a
single W (ζ) ⊂ B × C. Now, the family Σ → B of spectral curves is the moduli space of a
coupled 2d/4d system obtained by inserting a surface defect Sz in Xg[C0]. The IR vacua of
Sz correspond to points zi ∈ Σ with π(zi) = z. An IR description of the defect is that it is a
defect in abelian YM. It is determined by the corresponding point zi ∈ Σ by the Abel-Jacobi
map

Σ→ Jac(Σ) = H1(Σ, U(1)). (6)

So the IR description of the defect looks like a solenoid which produces a holonomy for
a gauge field around the defect. This IR description is generically good but breaks down at
the branch points of Σ→ C.

In addition to surface defects we can talk about interfaces Lp(ζ) between surface defects
Sz1 , Sz2 . These correspond to paths from z1 to z2. The IR picture of these interfaces are in
terms of a sum of interfaces in the abelian theory. This corresponds to lifting a path in C
to a sum of paths in Σ. Again this description breaks down at some points in B × C, and
this is precisely the spectral network W (ζ).

The moral of the story is to look not only at local operators but at line operators, etc.
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